We discuss the numerical range of a doubly stochastic matrix and relate it to the structure of the matrix. Also, we characterize those subsets of Q which are the numerical range of a 3 x 3 doubly stochastic matrix.
INTRODUCTION
The numerical range of A E Gnxn is the set W(A) = {x*Ax:
TEE?", X*X = 1).
The classical Toeplitz-Hausdorff theorem asserts that W(A) is a compact convex set (see [l] ). A matrix A E R n Xfl with nonnegative entries and all row and column sums equal to 1 is said to be doubly stochastic. In [2] an inclusion region for the numerical range of a doubly stochastic matrix A was given. The -'lrl < and p(A) is defined as the length of a maximum length cycle in the directed graph of A. Namely, LpcAj is the angular wedge in the complex plane with vertex at 1 and passing through points e *z*ilp(A). The numerical range of a doubly stochastic matrix has other nice properties which are not valid for general matrices. For instance, doubly stochastic matrices are spectral, i.e.
P(A) = r(A),
where p(A) is the spectral radius and
r(A) =max((z(:zEW(A))
is the numerical radius of A. We can see this immediately by making use of (1) and the fact that 1 is always an eigenvalue of a doubly stochastic matrix. Moreover, the numerical range of a doubly stochastic matrix is symmetric about the x-axis. This is true for all A E R,,,, (see Lemma 3.1). Since [Z] appeared, not much more has been found out about the numerical range of a doubly stochastic matrix.
A matrix AeRnxn is said to be reducible if there exists a permutation matrix P E W,,, such that
where B and D are square matrices. Otherwise A is said to be irreducible. Let A be an irreducible n x n doubly stochastic matrix, and let k be the number of eigenvalues of A of modulus 1. If k = 1, then A is said to be primitive. If k > 1, then A is said to be cyclic of index k. EXAMPLE 1.1. The cyclic permutation matrix P,, = ( pij) E R",,, i.e., pi, i= 1 = 1 for i = 1, . . . , n -1, p,,, = 1, and all other pii = 0, is cyclic of index n. The matrix J,, E W,,, having l/n as entries is primitive.
We have the following results. 
NUMERICAL RANGE OF A 3 x 3 DOUBLY STOCHASTIC MATRIX
In this section we describe the numerical range of a 3 x 3 doubly stochastic matrix in greater detail. where all the blocks Aj are (n/k) x (n/k) doubly stochastic matrices.
To prove Theorem 2.4 we require the following lemma:
LEMMA 3.3. 
Let E = E((t -
(c) t < n < 2t.
Proof.
Let 
Since b,,, bIz E [0, 11, we must have
~1~0, b,, > 0 and hence
O<t<l-2k.
and det H(B) = 3a(I -u) -G .
By considering the parametrization (3) of B and the inequalities (4) and (5), B is doubly stochastic if and only the inequalities (4) and (5) hold as well as
Thus, with k and t fixed and a varying, Let A E W,,, be a cyclic doubly stochastic matrix of index k. Then by Lemma 3.2, there exists a permutation matrix P E R3,,, such that (2) holds. By Lemma 3.1(d), we may assume that A is of the block form (2) and take u = ,p, ( ei2*1'k&,,k).
Then and hence by Lemma XI(b) and (d).

W(A) = W(U*AU)
= W( eia*lkA) =e i2r'kW( A). Hence P*DP = B and so W( P*DP) = W(B). The following example shows that the numerical range of a cyclic doubly stochastic matrix is not necessarily a polygon, which is true for all permutation matrices. Every permutation matrix A E R n Xn can be written as for some permutation matrix P E W n X ", where Pi E R ", X n. is the cyclic perrnu-
As a result, W(A) = e i2r"kW(
